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Matrix operations

e Matrix transpose
« Dimension of matrices
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while ¢ would be a vector. The superseript I 1z used to signify the transpose
of a matrix or a vector, for example, €7 and ¢ would be the transpose of the
before mentioned matrix and vector. The transposition operator recrganises
the rows and columns vectors and matrices: what was before a column becomes
a row after the transposition is invoked. Subscripts, in connection to matrices
and vectors are used to signify the dimension of the object at hand, e g:

[ C11 """ Cik -‘
Czcljn:k‘. =

Cni """ Cnk J

in the case of a matrix., where n gives the number of rows and k the number
of columnz. Hence a column vector will have &k = 1 and a row vector will have
n = 1. Effectively, C7, is:

11 Blmn
CT:C[];J!‘.=

Ckl " Ckn



Matrix operations

e |n Matlab i1t looks like this:

Lo 17T

Bl command Window
= 2 = randni(d,2]
C =
O.71435:2 1.254
l1.62536 —1.593537
—0.692175 —1.441
O.355 o0.57115
> 0!
ans =
aO.7143=2 l1.6236 —-O.69173 O.353
1.254 —-1.5937 —-1.49449173 aO.57115
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Matrix operations

e The 1dentity matrix

A special matrix 15 denoted the "identity” matrix and defined by

R
oo L]

Similarly, the symbol ¢ is used to denote a vector of ones, so ¢ = [1,1,.-- 1],

e |n Matlab

ETRE= U =2 L

Bl cCommand Window

M= T = eye15)

1 =
1 o ] o o
o 1 ]} o o
o a 1 o a
o o ]} 1 o
o a [} o 1
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Matrix operations

e Matrix product

of Matlab, a "." in front of an operator signifies an element-by-element opera-
tion. The example below illustrates the difference between element-by-element
multiplication and conventional multiplication.

[1] ©=[1 2 3; 4 5 6; 7 8 2];
[2] g =[1;1;1];
[2] zl=Q*g % regular matrix mmltiplicationm

[4] =z2=0Q0(:,1) .*g % elsment-by-element multiplication

The result stored 1n zl 15 equal to

1 2 3 ['l:a'l]+[2:-:1]—|-.‘_'3:-:1] 6
z]1 = 4 5 6 = [4:&1] ﬁ—[ﬁ:ﬁl] ﬁ-fﬁ:ul} — 15
7 8 9 (T+1)4+(8=1)4+(9=1) 24

e Generally:

Qimn) * Wink) = Zimi)-
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Matrix operations

* Element-by-element operations in Matlab uses
the ”.*” operator

e Here, however, dimentions must match (see
footnote 5 on page 10)

1
z22=Q1(:,1).%¢g= {-1 ] .::-:{

e Q(:,1) takes out the first column of the matrix Q
 Naturally, Q(;,k) takes out the k’th column

[ S 1
I — |
I
1
= e =
e
|
|
| —
o, -
I — |
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Matrix operations

e Symmetric matrix:

5.2.5 Symmetric matrix

When 4 = AT the matrix 4 is said to be symmetric.

 Rank of a matrix:
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5.2.8 Rank

A matrix is said to have full rank if all columns (rows) are linearly independent.
A matrix having rank p < ¢, where ¢ 15 the number of columns in the matrix 1z
zald not to have full rank. Let ¢ be the number of columns and r be the number
of rows of a given matrix, then:

plAye] £ min(rec),
p(4) = p(47)
p(AT+A) = p(A+AT)=p(4)

When p(A4) = » the matrix 1z zaid to have tull row rank and when p({4d) = ¢
it 15 said to have full eolumn rank. The rank concept is important because 1t
relates to the invertability of matrices. For a square matrix 5, ., with rank ¢, 5
15 zaid to be non-singular and a unique 5!, the inverse of 5, exists. When the
rank of 5 15 less than e, 5 1z sald to be singular and its inverse does not exist.



Matrix operations

e Matrix inverse:

5.2.9 Inverse

[f the determuinant of a matrix 4,2 12 different from zero then the inverse of
A exists and is denoted by A~

|:A:-:B:-: C::-_] = f:'_] :Z-:_E_.I b _4_1

A+ At =T

ad] ' =at4A7 fora 0

A non-singular matrix iz one for which the inverse exists. A zingular matrix
1z one which has a determinant of zero. Thus, the inverse of a singular matrix
does not exist.
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Matrix operations

e Matrix inverse in Matlab

= disp(C)

3 2 1
E 2 2 1
1 1 1

== dispiinwicC) )

1 -1 (]
-1 2 -1
(] -1 2

+> dispic~-1)

1 -1 (]
-1 2 -1
(] -1 2

== dispipinviC) ]

1 -1 (]
-1 2 -1
—-3.330%7e-016 -1 2
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Matrix operations

e pinv can be helpful in empirical implementations

bl Command Window

> help pinw
P I Fseudoinwverse.
X = PINWVI(LA) producezs o matrix X of the same dimensions
as A' =o that AL¥E* L = b, X*Aa+*E = I and A+I and X+L
are Hermitiasanh. The computation i= based on SWDILA)] and any
singular values less than a tolerance are treated as =ero.
The default tolerance is MLE(ZIZE(4)) * NORM(L) * EPS(class(4l).

PIMNWV (LA, TOL)] wuses the tolerance TOL instead of the default.

Cla=s=s =support for input 4:
float: double, =ingle

Sese also rank.

Feference page in Help hrowser
doc pinss
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OLS example

e Ordinary Least Squares:

1.6.1 The basic setup

A linear relationship between varables, one variable y depending on other vari-
ables x;5. can be formulated as:

Y =bo+bh1+ X1 +bx Xo+_  +e

or when collected 1n matrix form:

Y = Xxb+e (1.1)

* For a proper derivation of the OLS estimates
see the lecture notes page 18-19

* \Where the squared residuals are calculated and
minimised
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OLS example

A short-hand calculation shows the following:

A short-hand way to obtain this relationship 1= by pre-multiplying [1.1] by

X:
XTy =XTxXg+ X7Te
since E :.YTE: = 0, we ocbtain:
XTy = XTX3.
and

g=(XTx)" XTy.

« \Which are the parameter estimates of the OLS
regression

(c) K. Nyholm
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OLS example

* \When we have parameter estimates there are
also uncertainty around the parameter estimates

 These are called the standard errors on the
parameter estimates

* And, for the OLS estimates, they are calculated
by:

. a . . . . .
The error term variance - 1s unknown in most practical applications and thus
needs to be approximated /estimates. Thizs 13 usually done in the following way:

I H.Tl'a'. P,
var [l =" (X" X) =——"F[(X"X) .
where, u =Y — X3 1e. the actual residuals obtained from data. and N 15 the
total number of obhservations and & the number of estimated parameters.
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OLS example

* Exercise: Make a function that calculates the
OLS estimates, standard errors and R-squared
of a dataset provided by the user

(c) K. Nyholm
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OLS example

e OLS can also be illustrated by maximum
likelihood estimation

e Can be useful If we want to impose restriction
on the parameter estimates

e But here 1t Is rather shown as an introduction to
finding the arguments that minimise a given
function

(c) K. Nyholm
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OLS example

e The maximum likelthood set-up

can be found. To illustrate, below we sketch how the OULS regression can be
solved using the maximum likelihood (ML) estimation technique.

Y =X3+u,

the residuals are assumed to follow a normal distribution, hence:

u~ N (0, r;rzf:] .

and we therefore need the normal density:

T
\ . 5y =T/2 1 .
L [52_ 3) = (2ms®) exp [_-Jﬁﬂ Z (ys — Lﬂf] )
) .I.=l

Functions that involve exp are difficult to optimise. It is much easier to
optimise In(L) in stead of L, such an approach is legitimate because the
parameters that optimise L also optimise In(L). For these reasons likelihood
optimisation involves the log likelihood function:

o See, EX likeli_1.m

(c) K. Nyholm

17



Lagged variables

e =k+ars_y +bri_stori_gy+u,

Az can be seen from the regreszion equation the right-hand-zide variables are all
lagged versions of the left-hand-side variable. Such a regression 1if also called an
autoregression which 15 defined by the number of lags that are included. In our
caze three lags are included and the regression 15 hence termed an autoregression
of order 3, in short AR(3). Naturally this concept generalises to n lags, and
hence to an AR(n), and to k variables, in which case the regression iz called an
vector autoregression, in short VAR 1P

To construct the left- and right-hand-side variable from R the tollowing can
be invoked:
[1] T = Ei2:end,1); % allocates the Im rate to wvariabls r
[2] rLag?® = ri{l:end-2,:1; % creates the 2.lag
[?] rLag2 = ri2:end-2,:); % creates the 2.lag
[4] rLagl = ri{3:end-1,:); % creates the 1.lag
[2] ¥ = rid:end,:); % adjusting v
[¢] = = [ omes(length(¥) , 1) rLagl rLag2 rLag? ];

(c) K. Nyholm
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Simulation example

o Start with the desired model, for example the

following

(c) K. Nyholm

Te=k+ta=ri_1+b*Ti_o+ T3+ Us,

using [rz;ra; 73 ug) = [ra;ra;raiug] = [0.64;0.76;0.97; —0.097]. This will allow
us to generate simulated sample paths for r: taking into account parameter
uncertamnty as well as the uncertainty that stems from the mnnovationsz to the
process as represented by the error term. Often in simulation applications only
a new nmnovation term 15 generated on the basis of an assumed distribution, or
regenerated from the obszerved errors (this 1z also termed bootstrapping), and
the parameter uncertainty is ignored. There 1z no particular reazon as to ignore
parameter uncertainty, 1t all depends on the problem that one sets out to solve.

The current example 15 fairly general in that it allows for both parameter
uncertainty as well as a uncertainty stemming from the mnovation term. In
order to generate the simulation, the following steps need to be completed:

1} draw innovations from the appropriate distribution of the desired length
2) generate parameter-value draws, alzo from appropriate distributions
3) insert the generated parameters in the equation to the simulated

4} feed mnovations through the equation

19



Simulation example

» Generating correlated random numbers (see
pages 91-93 in the lecture notes).

C=UTU, (4.23)

The upper triangular matrix U7 13 useful for generating correlated random
numbers in the following way:

-RI:_':".E': = Ti{rc) * '[-'r.’c:c_l- |"L?—1}

First uncorrelated random numbers can be generated of the desired dimension.
e.g. n~ N(0,1). Then these random numbers are "run through” the Cholesky

decomposition to generate the matrix R of correlated random numbers of the
desired dimension, here (r, ¢} .

(c) K. Nyholm
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Simulation example

« A Matlab implementation of this:

[1] disp( The covariancs maktrix’)

[2] © = [ 7.2440 7.8265 8.3192 &.2432;

[2] T.8265 7.7472 8.2614 6.2304;
[4] d.32192 B.26l4 8.5664 7.46€L1;
[=] 6.5492 6.83304 7.4661 7.1715 ]

[2] disp( Uppsr triangular from cholesky decomposition’)

[7] T = chol(C)

[2] displ'Caloulating transpose (T) 107

[2] dispiUr=*1T)

[10] n = randn(S00000, 471 ;

[11] B = n*m;

[12] disp(fCowvariance matrix of simalated random variables’)

[12] dispicoviR)}

(c) K. Nyholm
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