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Nelson-Siegel yield curves

« Parametric yield curve models

* Nelson-Siegel vs affine yield curve models
e Non-parametric yield curve models
 Short rate models

e Absence of arbitrage
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Nelson-Siegel yield curves

e The Nelson-Siegel model in yield form:

Following the intuitive parametrisation suggested by Diebold and LI (2006)
the functional form for the Nelson-Siegel model 1s:

Y, (1) = H - 8, + es, (4.1)

where Y; (7) 1s the vector of yields observed at time t for the 7" maturities 7.
The matrnx of factor sensitivities 1s explicitly given by:
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The yield curve factors are collected 1n 3, = {level;, slope,, curvature,}” . A
determines the speed of time-decay for the slope and curvature sensitivities, 1.e.
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Nelson-Siegel yield curves
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Nelson-Siegel yield curves

e The yield curve sensitivities
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Figure 4.2: Nelson-Siegel factor sensitivities (A = 0.08)
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Nelson-Siegel yield curves

 Set In state space form:

The observation equation

The vector of yields Y at time ¢ for different maturities 7 = {71,792, -+ . 7Tn}
can be expressed as a function of yield curve factors and yield curve factor

sensitivities.

Y, (1) = HB, + &, (4.8)

where H collects the Nelson-Siegel factor sensitivities:
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Nelson-Siegel yield curves

The state equation

The state equation describes how the unobserved factors evolve over time. Here
it 1s assumed that a VAR(1) with regime switching in the means is appropriate.
Hence:

P | = e T | @21 Pop Po3 Ba + U, (4.11)
33 : ﬁI-S Irf_):,r-l l':-‘jg ﬁﬂﬁ 33 r 1

where v ~ N(0. (). The superscript on the mean parameters indicate regime
affilhation. In our example ot the model, however, only the slope 15 allowed to

exhibit regime switching behaviour 1e. I = {1} J ={a b c}, K ={K} The
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Nelson-Siegel yield curves

o Exercise: Estimate the parameters of the
Nelson-Siegel yield curve model on the
following data:

Y = [2.17 2.47 2.85 3.39 4.01 4.31 ...
4.4%8 4.58 4.65 4.70 4.74 4.77 4.79]";
tau = [1 3 & 12 24 36 48 &0 72 84 9¢ 108 120]°;
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VAR models

The future evolution of most financial and economical time series depend on
their own past evolution and cross correlation with past observations of other
variables. Vector Autoregressive models exploit such dependency structures by
characterising the observation at time ¢ of a vector X as a function of past
observations {X¢—1, X¢—o, | X:—_;}. The process tor the mean of the vector

series 15 thus:

This 1s called a VAR(p) model where p refers to the number of lags included
in the model, and A; collects the autoregressive parameters at lag 7. In the
formulation abme Yt 15 a matrix of dimension (nObs —
nVars refers to the number of variables contained in _
can be determined by the use of summary statistics that are
weighting of the fit of the model against the number of parameters that are
necessary to obtain this ﬁt Hence. these statistics gives a positive weight to the
degree of fit obtaine & penalty (or tieT ariables needed
to obtain the fitC_In this way a parsimonious mode] can be tound_2e. the one
that uses the fewest variablestoe sense. Parsimonious
models have proven particularly useful tor forecastme 1t 15 seldom the case that

L=
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VAR models

Two of such statistics are the Akaike's and Schwarz Information Criterion

AIC and BIC, respectively. These can be calculated in the following way?:
ATC =1og (%) + 2+ b (4.4)
. nQObs ‘
log (T')
BIC —log (6°) + kx — 5 (4.5)

It can be seen from (4.4) and (4.5) that the fit of the model is assessed by the
log of the sum of squared residuals, and then each criterion adds a penalty for
the number of parameters used to obtain this fit: & represents the number of
estimated parameters and nObs the number of observations.
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VAR models

pcdel can be written

. d 1t 1s worth noting thalany VAR(p
AR(p) model 1n companion

as a VAR(1) modelthis is also called to write Te—vAR
ormr—Areswrethat we look at a VAR(3) model 1.e.

"Yﬁ = + .th_'l * -.‘4.1 + .Yt_g # .“‘12 + "Yﬁ—ﬂ' #* ;4.3 + E‘f'
By defiming

- -{Y-t
Xe= | Xi_q
X o
and
R Ay Ay, Aj
A= I 0 0
0 I 0

where I is the identity matrix of appropriate dimension. Then the VAR(3) can
be written as a VAR(1):

Xi=c+AxX;_1 +es (4.6)
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VAR models

The 1ntegration orders typically seen 1n finance and economics are of orders
of 0 and 1, written as I(0) and I(1), respectively. One rarely encounters time
series of order 2 or higher. I(0) refers to a stationary process and I(1) to a
process that 1s integrated of order 1. Hence, 1f Y; 15 I(1), then the process
AY; =Y, —Y; 1 will be 1{0). A standard example of an I(1) process 1s:

T =k+a*xi_1+ €,

with @ = 1; this 1s the well-known random walk model. Stationarity in the
univariate case 1s defined by the value of a. When —1 < a < 1, the process above
15 I{0). For a process involving more lags than one it 1s a bit more complicated
to determine whether a process 1s stationary or not. The requirements are listed
here, for detail see Hamilton (1994): For an AR(p) model 1t 1s required that the
roots of the following polynomia all lie outside the unit circle:

2

l—aj*z—ags %z —___—f.{.p,.’jp:ﬂ_

Similarly, for the VAR(p) model 1t 1s required that the roots of the following
polynomia all lie outside the unit circle:

det :I—Al 4=3—A2é:z?—_”—A?§:-:zp] — ()

where det indicates the determinant. Given that the process at hand 1s station-
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VAR models

where det indicates the determinant. Given that the process at hand 1s station-
ary 1ts mean 1s calculated by-

: c
EX] = :
- I— Z?:‘l ‘43
for the VAR(p) model and by:
¢
E[z] = _
1 - ?:1 a;

for the AR(p) model.
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VAR models

[t can be shown that the VAR(p) model can be estimated efficiently by the
use of consecutive OLS regressions. Alternatively one can choose to maximise
the value of the multivariate log-likelihood function assuming that errors are

normally distributed. This amounts to calculating the approximative log hkeli-
hood of the multivarate normal distribution tunction, as given by:

nObs — p 1
log L = — log [det (9_1” —5* .2_1 e; % QL x el
J=p

In terms of speed however, since closed-form expressions exist for the solution
to the OLS regression, this 1s typically faster than 1t 1s to optimise the log
likelihood function.
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VAR models

* An example of estimating a VAR using the log
likelihood function is given in var_p.m which
calls var_p likeli.m
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Regime-switching
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Regime-switching

The intuition behind regime-switching models 1s perhaps best illustrated via a
standard linear dummy-variable regression of the form:

xry = c1d1 ¢ + codo s + c3dz s + cady s + €4,

Here x 15 the data thought to contain two or more states, s indicates the number
of states, the ¢'s are constants that define the mean 1n each state. The d variables
represent dummy variables defining when a given state 1s effective. It 15 further
assumed that the error term 1s normally distributed: e ~ N (0, o). In a linear

regression model usually the dummy variables are fixed exogenously, however,
in a regime-switching model the d’s as well as the ¢’s are inferred from data.*

(c) K. Nyholm
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Regime-switching

In order to facilitate estimation of these variables, where the d’s are going to be
treated as unobservable, a prediction-updating algorithm 1s applied to construct
the hikelihood function. To set up this algorithm a number of inputs need to bhe
defined. These are: starting values for the parameters to be estimated, which n
our example 15- # = {r:1__ o, C3.Ca, 02, P'}g and a transition probability matrx P,
that gives the conditional probahility of migrating within and between states.
For example, 1n the three state case P would be:

P11 P21 1 —p33 — p32
P = P12 P22 P32
I —p11 —p1a 1 —pag — poy P33

The entries in this matrix give the probabilities for one state being followed by
another state, for example, the third row, second column entry (pszs) gives the
probability that state 2 1s followed by state 3. Consequently, columns must sum

(c) K. Nyholm
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Regime-switching

chain with P as transition matrix. These state probahilities are collected 1n
)¢, which 1s of dimension [sz1] and gives the probability that the process 1s in
a given state at time £. For example. 1n the three state case, it could be that:

0.20
M = DTU
0.10

with each entry 1in m gives the probability that the datapoint observed at t 1s gen-
erated by that particular state. The shightly peculiar subscript comes from the
prediction-updating algorithm described below. The matrix of values of the den-
sity for each observation, within each state, 1s collected in D = f (z; |s; = 7.0 )
for all observations ¢ and states 7. Here f(-) 1s taken to be the normal distn-
bution, hence, again using the three state case as an example,

| 1 ax —(zs—e1)? ]
v 2mo P 207
_ 1 —(ms—ca)’
D, = o= eXp 53
1 —(ws—cg)?
Voo P 202
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Regime-switching

The Hamilton filter then runs according to [see Hamilton (1994, Chapter 22)]:

Tye—1 © Dy
Myt = 5 - )
2uj=1Tt|t—1 & D,

o1 = Py

[terating over all t =1,2, ... T for m; and 741+ 1s thus possible; © indicates
element-by-element multiplication. The intuition of the expression for m:;: 1s
that the numerator 1s the product of the probability forecast based only on the
mechanical forwarding mechanism (1.e. information up until £ — 1) given by
the expression for m,.; and the density of the observation at ¢ for each state.
Hence, the numerator 1s a [sz1] vector of the probability weighted fits of the t'th
observation to each of the hypothesized state specifications. The denominator,
which 1s the sum over the number of states of the numerator, can be seen as to
normalize the numerator so that each value in the vector temp = m,_y © D,
talls on the interval {0, .. 1} and thus can be interpreted as probabilities. It so
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Regime-switching

talls on the interval {0, ... 1} and thus can be interpreted as probabilities. It so
happens, that the denominator also 1s 1dentical to the likelihood function value
conditional on #, and the estimation can thus be completed by optimising:

T 5
logL(0) =) log{ Y my;_1 ©D;
1 7=1

=

In practise 1t 1s not always easy to find the number of regime-switches that
are contained 1in data. Naturally, one needs to plot data before modelling 1t, and
this can be used as a first indication for the choice on the number of states to
be included. Another, equally valid option, 1s to be guided by economic theory,
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Regime-switching

* To estimate a regime-switching model the
following Is needed:

1) A main function that sets up the problem and calls the Matlab(tm) opti-
misation module. This function 1s called regime.m

2) The likelihood function 1s calculated by regime_likels m. This function
calls two other functions: regime_normaldensity and regime_pmat.

2a) regime_normaldensity simply implements the density function of the nor-
mal distribution.

2b) regime_pmat sets up the transition matrix shown in () so that it matches
the desired number of states to be estimated.

e This is implemented In regime.m,
regime_likeli.m, regime_normaldensity.m,
regime_pmat.m
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